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Thm (Fourier Inversion formula

Let f -> MCR). Suppose that FEM(IR) .

Then

f(x) = Sin =(3) e2πi3
*

&3
.

Below we first give an application of the Inversion formula.

Thm1) Plancheval formula)·
Let f -> MSR). Suppose FEMSRR)

.

Then we have

& / f(xPdx = % / f(31) d3



Proof. Let h(x) = FX). Then GEM(IR)
.

Notice that

dx↑

(3)
=

S5 ferts
-

f(x) e2πixdX

--

Lettin

Lif(y) -uiiBe dy
=> 3)

-

Let us consider - * G .



Notice that f * GEM(IR) .

-(3) = -(3) . -(3) = F(3) · F()
=> / F(3))

Hence F
* -> M(1)

.

Now applying Formier Inversion formula to f*
,

We obtain

f * h(0) = S***2(3)d
= S

.

% 17(31P &3
.

Notice that

f* h(0) = S f(x)h(-x) dx



= S- f(x) · f(x) dx
-> S.
8/f(x)" dx

.

So we obtain

S 18Pax = 28 /f (3)) " d3
.

#

$5 . 5.. Application1 :
The time-dependent heat equation

on the real line.



Consider the heat equation on the line

⑭ =

2 ,
XER

,
A 20. O

E
U(x , 0) = f(x) , XERR (initial condition)

9

②

where H =U(,+) is the temperature at point x and time +.

We first find a solution by a formal argument .

Taking the Fourier transform on both sides of O

(with respect to (
.

43, t) = (2πi3)" TBt
= - 4π3 < (3

,
t) .



(check :

(N, t) guidex

= E S U(x ,t) g
Mid

dx

= (3
,
t)

.

SpUxt) --LiiB dx
=> (2013): SR UK,+) 2 MiB

x

= - 4T32 Y(3 , t) . (

Hence we obtain a first order Linear ODE

dM(it) = -4i32 T (3, t)
.



Fix 3
.

We see that

- 4π23t
(3, t) = A(3) · e

Observe that from the initial on takingtoa
(3 ,

0) = f(3)
Hence we have AC3) = #32.
Now we obtain

4(3 , t) = F(3) -
4423 2+

Next we define

He(x) = # for NER and to . .



Check : 3) = e

-

44232t
Recall ***, * +32

-π32.(4πt)
-

=

- )
, Wit eC

- 4232t
= Nit C

We call [Ht(1)the heat Kernel on the real

line.

By the above analysis, we see that
-

(3 ,
t) = f*Ht)5)

.

Now by the inversion formula, we see that

#* H-(x) .


